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5-H , Abstract 

Asymptotic safety (an ultraviolet fixed point with finite-dimensional critical surface) offers the 
possibility that a predictive theory of quantum gravity can be obtained from the quantization of 
classical general relativity. However, it is unclear what becomes of the singularities of classical 
general relativity, which, it is hoped, might be resolved by quantum effects. We study dust collapse 
with a running gravitational coupling and find that a future singularity can be avoided if the coupling 
becomes exactly zero at some finite energy scale. The singularity can also be avoided (pushed off to 
infinite proper time) if the coupling approaches zero sufficiently rapidly at high energies. However, 
the evolution deduced from perturbation theory still implies a singularity at finite proper time. 

oo 
o . 

1 Introduction 



It is an appealing possibility that classical general relativity can be directly quantized, leading to a 
predictive and well-defined theory of quantum gravity. Asymptotically free models such as QCD are 
potentially valid to arbitrarily short distances, with quarks and gluons remaining the appropriate degrees 
of freedom. Similarly, if gravity exhibits asymptotic safety [T|, an ultraviolet fixed point with finite- 
dimensional critical surface, gravitons can remain fundamental at all energy scales, and low-energy physics 
is determined by only a finite number of parameters. (The corresponding literature is very extensive; for 
a partial selection see Refs. 2, 3 ). However, in such scenarios it remains to understand how, or whether, 
the singularities of classical general relativity [I] are resolved by quantum effects. It would be disturbing 
if a truly fundamental theory of gravitation contained singularities. 

To investigate this question, we consider one of the simplest physical situations which leads to a future 
singularity: the collapse of a pressureless ball of dust [S]. This system collapses under its own weight 
into a point-like singularity in a finite amount of proper time, and is the historical prototype of stellar 
collapse to form a black hole. Of course, one expects matter pressure to be relevant in a realistic case, 
however, in classical general relativity, one can always assume a star is sufficiently massive to overcome 
the effect of pressure and produce a black hole (if the mass is approximately twice the Chandrasekhar 
limit [6]). 

Let us point out some of the limits of our approach. Our calculations are inspired by asymptotic 
safety, but we cannot derive the form of the modified Einstein equations used below. Also, we cannot 
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treat the case in which higher dimension operators become important to the evolution of the dust ball, as 
semi-classical equations of motion resulting from such operators would presumably be higher than second 
order in derivatives. However, such behavior would usually be associated with a strongly coupled fixed 
point. It is hard to see how a singularity could be avoided in such a scenario unless, for instance, at least 
some gravitational interactions became strongly repulsive (rather than attractive) at the fixed point. It 
is also hard to see how one could reliably establish the existence of a strongly coupled fixed point without 
truly non-perturbative methods. 



2 Dust collapse 

We shall here consider the spatially flat Tolman-Lemaitre-Oppenheimer-Snyder model of a dust ball 
which collapses under its own gravitational pull [S]. The outer (R > R s ) metric is the Schwarzschild line 
element 

ds 2 = - + (l-^ 1 ) dR 2 + R 2 dn 2 , (2.1) 

where M s is the total ADM mass (with units of length) of the ball with areal radius R = R s . The interior 
geometry is given by 

ds 2 = -dr 2 + {R') 2 dr 2 + R 2 dQ 2 , (2.2) 

where < r < r s , r is the proper time of observers comoving with the dust along lines of constant r, 
the areal radius R — R(r,r), R! = d r R and R = d T R. The relevant equations are given by the Einstein 
equation 

^fr=87rG N p, (2-3) 
where p = p(r, r) is the dust energy density, and the Bianchi identity 

^ + w p=0 - (2 - 4) 

The Bianchi identity implies the conservation of the Tolman mass function 

m(r) = ^ jf p(r, x) [i? 3 (r, x)}' dx , (2.5) 

for all < r < r s . Note that the corresponding "ADM length" is simply given by 

M(r) = G N m(r), (2.6) 

and this is the quantity that naturally enters the equations of motion for dust (see below) . 
In particular, we can write 

R = ro(r) , (2.7) 

for < r < r s and r > tq = (the arbitrary initial time of the collapse). The standard junction conditions 
at the surface of the ball r = r s then yield the trajectory R s (r) = r s a(r) in the outer Schwarzschild 
space-time, with constant ADM length M s = M(r s ). Eq. (12.3[) can then be used to express the density 
as a function of a = a(r) and Gn, namely 

a 



P = P(r) = - r - Fr - - , (2.8) 
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so that 



M(r) = -r 3 a a 2 , 

and dust trajectories at constant < r < r s automatically satisfy the equation of motion 



R 
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which, for Gn constant, leads to the well-known expression 

2/3 

a(r) = ( 1 



(2.9) 



(2.10) 



(2.11) 



where we set a(ro = 0) = 1 without loss of generality and t s > is the proper time at which the entire 
ball becomes singular. 



3 Running coupling and singularities 



We next assume that Eqs. (|2.3I) and (|2.4p still hold for a Newton constant that depends on an energy 
scale sensitive to local conditions (i.e., at a particular region of space-time). The natural choice for our 
simple system is thus the energy density, that is Gn — > G(p), with G(p) — Gn for sufficiently low density. 
We first proceed to analyze the behavior of G(p) that follows from the equations of motion. We will later 
introduce an explicit renormalization scale p, along with a proper definition of ultra-violet (UV) fixed 
point, and discuss its relation with p more carefully. It is however important to note from the onset that, 
if Eq. (12.4[) does not hold, the ADM length M s of the ball is not conserved and the outer space-time may 
not be Schwarzschild. This would be tantamount to a large scale (IR) modification to general relativity, 
with potentially observable consequences, e.g., in solar system tests [7]- 
The modified Einstein equation (j2.3[) is simply given by 



■pG(p) 



Substituting Eq. (|2.7I) into the Bianchi identity (|2.4p implies 



P 
P 



(3.1) 



(3.2) 



P(r) 
p( t o) 



a(r) 



1 -3 



a(r ) 



(3.3) 



Note this relation is independent of any assumptions about the scale dependence of G. 

From Eq. (|3.1[) and Eq. (I3.3[) . we see that if G(p) becomes zero at some critical energy scale p*, 
the scale factor a(r) and density p(r) — p* also become constant, thereby avoiding a singularity. If 
G(p >/?*)= 0, this behavior is non-analytic (it implies discontinuous derivatives of G with respect to 
the energy scale). However, since in most models the UV fixed point (see below) is approached smoothly 
as the energy scale goes to infinity, we shall only consider the case of G(p) analytic in p. 

Combining Eq. fl3.1[) and Eq. (13.21) . we obtain 



p(t) 



dp 



p (To= o) -\/24 7r p 3 G(p) 



(3.4) 
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in which we set tq — again without loss of generality. Let us assume that G(p) is always positive. If 
the integral in Eq. (I3.4p is convergent as p(r) (the upper limit of integration) goes to infinity, then there 
must exist some finite t* at which p(r — » r*) — > oo and a(r — > r*) ~ p -1 / 3 — > [see Eq. (|3 -3[) ] - i.e., 
a singularity at finite proper time. This would be the case for constant G (ordinary classical gravity), 
a non-zero fixed point value of the coupling [G(p — > oo) 5^ 0)], and for G(p) which approaches zero 
sufficiently slowly at high energy. Alternatively, if G(p) falls to zero rapidly enough, the integral above 
may be divergent, allowing for the possibility that the singularity is pushed off to infinite proper time: 
p(r — > 00) — > 00 and a(r — > 00) — > 0. For example, if G(p) ~ 1/p, we obtain p(r) and a(r) which are 
asymptotically exponential in r. 

Using perturbation theory (i.e., ordinary Feynman graphs) one obtains the following leading-order 
evolution for the gravitational coupling as a function of the scale p: 

' ' cp 2 , (3.5) 



G(p) G(p = 0) 

where c > for models in which the coupling becomes weaker at higher energies. A UV fixed point 
is then defined in terms of the dimensionless Newton constant g(p) — G(p) p 2 as the limiting value 
g(p 00) = <?* < 00, which requires G(p) —> (as previously mentioned). 

The form (|3.5[) for the evolution of G(p) is also expected from simple dimensional analysis. In Ref. [5], 
it is noted that using a generally covariant heat kernel regularization results in positive contributions to c 
from spin-1 degrees of freedom (e.g., gauge bosons) and negative contributions from spin-0 and spin-1/2 
modes. Thus, a gravity model with sufficiently large number of photon-like matter fields is perturbatively 
under control, that is 

G(p -> 00) -> (3.6) 

with 

g(p)=G(p)p 2 . (3.7) 

The latter condition in fact implies that even the shortest distance quantum gravity effects are small, and 
perturbation theory applies at all times. This is because the dimensionless parameter in the gravitational 
loop expansion is given by the high energy cutoff squared times the effective coupling at that scale. 
Strictly speaking, asymptotic freedom obtains for g(p — > 00) = 0. 

To pursue our analysis further, we must determine more carefully the relationship between the renor- 
malization scale p and the density p. One appealing choice, advocated by Weinberg in his analysis of 
inflation in asymptotically safe gravity [3] , is to take the renormalization group mass scale p to be 

p~[G(p) P f 2 , (3.8) 

which has the appearance of the inverse of a "gravitational length" related to the energy density p and 
is equivalent to taking p to be the inverse of the timescale over which the scale factor a(r) changes. If 
we were to take G(p) to be constant in Eq. (I3.8[) . we would obtain the asymptotic behavior 

G( P ) ~ II p (3.9) 

at high density, which is just sufficient to push the singularity off to infinite proper time [see Eq. I|3.4I) ]. 
However, if a self-consistently defined G(p) (which decreases with increasing p or p) is used in Eq. (13. 8|) . 
the behavior is insufficient to prevent a singularity. 
For definiteness, let us assume the asymptotic form 

G(p) - p- a , (3.10) 

with a > and constant and, in particular, a > 2 for asymptotic safety. With this choice we exclude the 
case of G(p) which increases for increasing p and do not further consider the case a = corresponding 
to G = Gn and constant. Eq. (|3.8[) then implies 

p - p 2+a and G(p) - p-sfe . (3.1 1 ) 



4 



Plugging the above expressions into Eq. (I3.4p yields the following asymptotic solution: 



p(r -> r*) - 


,(r,-r)- (2+a) 


a(r — s- r*) ~ 


^(r,-r) (2+a)/3 


^(t ->• r») - 


- (r* -r) _1 


G(t -»• r*) <• 


~(t*-t) q , 



(3.12) 



which contains a singularity (of infinite density and vanishing radius) at finite proper time r = r* . Note 
that for any choice of a the renormalization scale /i is of order the inverse proper timescale, which 
seems physically reasonable. The condition /i 2 G(fi) <C 1 [from Eq. (|3.7I) ]. necessary for short distance 
perturbative control of the theory implies a > 2 (and asymptotic freedom requires a > 2), so models in 
which perturbative analysis is self-consistent arc quite far from avoiding a singularity. 

4 Conclusions 

We studied how the simplest model of gravitational collapse in classical general relativity would be 
modified by a gravitational coupling that runs with the energy scale. Our aim was to determine under 
which conditions the final singularity could be avoided in an asymptotically safe scenario. Our findings 
seem to imply that avoiding the final singularity requires stronger deviations from general relativity than 
those obtained in the literature this far, unless a more realistic model of gravitational collapse changes 
the equations that govern G as a function of the local energy scale significantly. 
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